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ABSTRACT
The structural properties of individual dark matter haloes, including shape, spin,
concentration, and substructure, are linked to the halo’s growth history, but the exact
connection between the two is unclear. One open question, in particular, is the effect
of major mergers on halo structure. We have performed a large set of simulations of
binary equal-mass mergers between isolated haloes with various density profiles, to
map out the relationship between the initial conditions and merger parameters and
the structure of the final remnant. In this paper we describe our initial set-up and
analysis methods, and report on the results for the size, shape, and spin of the merger
remnant. The outcomes of mergers are most easily understood in terms of a scaled
dimensionless energy parameter κ and an angular momentum (or spin) parameter λ.
We find that the axis ratio c/a scales roughly linearly with energy κ while the axis
ratio c/b scales linearly with spin λ. Qualitatively, mergers on radial orbits produce
prolate remnants, while mergers on tangential orbits produce oblate remnants. The
spin of the remnant can be predicted from angular momentum conservation, while the
overall size changes as ∼ κ−5, as expected from self-similar scaling at constant mean
density. We discuss potential cosmological applications for these simple patterns.
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1 INTRODUCTION
There is now compelling evidence for the existence of dark
matter over a vast range of scales, from the horizon scales
probed by the Cosmic Microwave Background (e.g. Planck
Collaboration et al. 2018), to the galactic and sub-galactic
scales probed by local dwarf galaxies (see e.g. McConnachie
2012, and references therein). On large scales, dark mat-
ter clusters into sheets and filaments; where filaments inter-
sect, they form higher density, roughly spherical structures
termed ‘haloes’. Dark matter haloes are the exclusive sites
of galaxy, group and cluster formation. Thus, understanding
their structure and evolution is of fundamental importance
in cosmology.
Our information about halo structure and evolution
comes mainly from N -body simulations. These have estab-
lished that some halo properties, such as the spherically av-
eraged density profile, are approximately universal (Navarro
et al. 1996, 1997), while other properties such as shape,
? E-mail: ndrakos@uwaterloo.ca
central concentration, or the presence of substructure, vary
from system to system. Since observational information from
galaxy kinematics (e.g. Ouellette et al. 2017), satellite kine-
matics (e.g. Guo et al. 2012), and weak and/or strong grav-
itational lensing (e.g. Umetsu et al. 2016) is beginning to
fix or constrain these individual properties for large samples
of haloes, the time is ripe to consider what the structure of
individual haloes can teach us.
It is clear that the structure of individual haloes is
closely related to their merger history. Shape changes, for
instance, have been linked to the parameters of the last
major merger (e.g. Despali et al. 2017), the remnant be-
ing elongated along the merger axis (e.g. Maccio` et al. 2007;
Vera-Ciro et al. 2011). Concentration is correlated with the
overall age of a halo (e.g. Wechsler et al. 2002; Zhao et al.
2009; Wong & Taylor 2012); the density in the central re-
gions reflects the background density of the universe at the
time of formation (Navarro et al. 1996, 1997; Bullock et al.
2001), or possibly at the end of the rapid, major-merger
dominated phase of halo growth (e.g. Zhao et al. 2003). Fi-
nally, substructure is formed from the tidally stripped cores
c© 2019 The Authors
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of infalling subhaloes, and is thus mainly determined by the
recent merger history (e.g. Taylor & Babul 2005).
Measuring the shape, concentration, and substructure
of haloes may therefore provide an opportunity to learn
about individual growth histories, and the connection be-
tween growth history and the properties of the visible galaxy
or galaxies that reside within a halo. Given a quantitative
understanding of the connection between history and struc-
ture, measurements of structural properties for large, well-
defined samples may also provide new cosmological tests (see
e.g. Taylor 2011, for a discussion). So far, observations of
cluster shape (e.g. Oguri et al. 2010) and concentration (e.g.
Sereno et al. 2018) have been shown to be consistent with
the concordance cosmology established by other tests. Both
observational systematics and theoretical predictions need
to be refined, however, before these methods can be used to
improve our knowledge of the cosmological parameters.
Halo growth occurs through accretion of material from
the surrounding density field, both smoothly and in a series
of violent, stochastic mergers. To understand the smooth
part of the process requires cosmological simulations, in or-
der to capture the statistics of the density and velocity fields
around the peaks where haloes form. There have been exten-
sive theoretical studies of halo structure in this cosmological
context, though many focus on mean trends, rather than in-
dividual cases (e.g. Navarro et al. 1997; Bullock et al. 2001;
Zhao et al. 2003; Butsky et al. 2016; Klypin et al. 2016;
Despali et al. 2017). Mergers complicate the picture, how-
ever; sufficiently so that they have often been studied in
simpler, idealized simulations with controlled initial condi-
tions (ICs; e.g. Fulton & Barnes 2001; Boylan-Kolchin & Ma
2004; Moore et al. 2004; McMillan et al. 2007; Vass et al.
2009; Ogiya et al. 2016).
Even when studying major mergers using isolated simu-
lations, there are still many degrees of freedom (halo profile,
mass ratio, shape, orbit) that can obscure which essential
parameters determine the properties of the final remnant.
Therefore, in this paper we will start by considering the sim-
plest case: an equal-mass merger between two isolated, iden-
tical spherical systems, given one of various realistic density
profiles, and placed on a variety of initial orbits. This work is
the first in a series; in this paper we will introduce our major
merger simulations and examine how the ICs determine the
shape and spin of the final remnant. In subsequent papers,
we will examine how other properties, such as concentration
and the detailed form of the density profile, depend on the
ICs of the merger.
The outline of the paper is as follows. In Section 2 we
describe the initial halo models, and verify their stability in
isolation. In Section 3 we describe the set-up and analysis
of the merger simulations. In Section 4 we present our main
results on shape and spin. Finally, in Section 5 we discuss our
conclusions, the limitations of this study, and future work.
2 HALO MODELS
Each of our simulations follows the merger of two identical
haloes. To investigate the effect of the halo model on the
shape and spin of the remnant, we consider several different
initial models, as described below.
2.1 Initial conditions
We consider initial halo models with NFW (Navarro et al.
1996, 1997) and Einasto (Einasto 1965) profiles. The ICs
were created using the code icicle (Drakos et al. 2017).
Since the mass of an NFW profile diverges at large radii,
the ICs need to be truncated in order to be realized with a
finite number of particles. One common approach is to use
an exponentially truncated NFW profile (hereafter denoted
“NFWX”), which is NFW within the virial radius, rvir, and
then decays exponentially outside the virial radius (Springel
& White 1999). An additional parameter rdecay sets how fast
the decay occurs with radius. An alternative approach to
truncating an NFW profile is to generate the part of the pro-
file interior to some tidal radius, rt, and then iteratively re-
move any particles that are unbound, given the escape speed
of the truncated system. As the tidal radius approaches in-
finity, systems generated in this way are equivalent to an
infinitely extended NFW profile. It has been shown that the
profiles resulting from this second approach are stable, and
resemble tidally stripped NFW profiles (Drakos et al. 2017),
and thus we denote them “NFWT” profiles.
Overall, we considered six different initial profiles. Four
of these profiles are NFW, but truncated in different ways
(two are NFWT and two are NFWX profiles). Two are
Einasto profiles, with αE values representative of the range
found in simulations (Gao et al. 2008): to explore how the
inner slope affects the simulations we use an Einasto profile
with a low αE value of 0.15, and also a profile with a high
αE value of 0.3.
The simulation units were chosen so that the gravita-
tional constant, G, the peak circular velocity, vpeak, and the
radius at which the circular velocity peaks, rpeak, are all
unity. Setting G = Mpeak = rpeak = 1 produces a time unit
tunit =
√
r3peak/GMpeak, a density unit ρunit = Mpeak/r
3
peak
and an energy unit Eunit = GM
2
peak/rpeak. All the haloes
were constructed initially using 5 × 105 particles; after re-
moving unbound particles, the resulting NFWT profiles then
have fewer particles. The IC profiles are compared in Fig. 1,
and the IC parameters and properties are summarized in
Table 1.
2.2 Internal energies
The internal energy of each halo, E0, was calculated as fol-
lows:
E0 = P0 +K0 , (1)
where P0 and K0 are the potential and kinetic energy of the
halo, respectively. These are most generally expressed as:
K0 =
N∑
i=1
mv2i
P0 = −1
2
N∑
i,j=1
Gm2
rij
,
(2)
where m is the mass of each particle and rij is the distance
between particles i and j. Since the ICs are spherically sym-
metric, however, at least to within the discreteness noise of
the individual particles, we can treat the mass of each parti-
cle i as being distributed over a shell of radius ri, and write
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Table 1. Summary of the parameters used for the ICs. The profiles are shown in Fig. 1. The columns list (1) the name of the ICs, (2) the
number of particles N , (3) the parameters used to construct the ICs, (4) the relaxation time evaluated at the peak radius, trelax(rpeak),
and (5) the total internal energy of the halo, E0.
Initial conditions name N Parameters trelax(rpeak)/tunit E0/Eunit
EinLow 5× 105 αE = 0.15 610 -2.2
EinHigh 5× 105 αE = 0.3 1300 -1.2
NFWT10 ∼ 3.2× 105 rcut = 10 1100 -1.0
NFWT15 ∼ 3.5× 105 rcut = 15 1000 -1.3
NFWXSlow 5× 105 rvir = 10, rdecay = 2 rs 1100 -1.6
NFWXFast 5× 105 rvir = 10, rdecay = 0.2 rs 1200 -1.5
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Figure 1. Comparison of the density (top), enclosed mass (mid-
dle), and circular velocity (bottom) profiles of the initial models.
P0 ≈ −Gm
2
2
N∑
i=1
N(< ri)
ri
+
N∑
j=1,rj>ri
1
rj
 , (3)
where the two terms in parentheses give the contributions
interior to and exterior to the position of each particle i,
respectively. The internal energy for each of the halo models
is listed in Table 1.
2.3 IC stability
To verify the stability of the ICs, they were evolved in isola-
tion using gadget-2 (Springel 2005), with a softening length
of  = 0.02 rpeak. The stability of the ICs will be limited by
relaxation due to the limited number of particles. The char-
acteristic relaxation time for each profile was calculated as
follows:
trel(r) = 0.1
√
N(< r)
lnN(< r)
√
r3
GM(< r)
, (4)
as in Binney & Tremaine (1987), and is included in Table 1.
Fig. 2 illustrates the stability of the host haloes over a time-
scale of t = 300 tunit. We also tested the sensitivity of these
results to time step size and the error in the force calcu-
lations by increasing and decreasing the Gadget-2 param-
eters ErrTolIntAccurac and ErrTolForceAcc by a
factor of 3, but found that this did not make a noticeable
difference in the stability of the ICs.
3 MERGER SIMULATIONS
The merger simulations were run in Gadget-2 using N =
5 × 105 particles per halo and a softening length of  =
0.02 rpeak. The centre of the remnant halo was found by
calculating the centre of mass within increasingly smaller
spheres; as in Moore et al. (2004), we found that this was
roughly equivalent to tracking the most bound particle.
3.1 Orbital parameters
For each of the six models, we performed 30 equal-mass bi-
nary merger simulations, for a total of 180 simulations. Sim-
ulations were analyzed in the rest frame of the first halo,
the second halo being given an initial position and veloc-
ity in this frame. We considered three different radial sep-
arations, rsep = 2, 5, or 10 rpeak. The initial velocity was
either purely tangential or purely radial, with magnitude
v0 = 0.1, 0.2, 0.6, 0.8 or 1.2 vesc, where vesc is the escape
velocity of a point mass located at rsep.
Each orbit can be described by its energy and angular
momentum. The orbital energy, Eorb, was calculated as the
total energy of the system minus the internal energy of the
individual haloes, i.e.,
Eorb = P +K − 2E0 , (5)
where the internal energy of each halo, E0, was calculated
as described in Section 2, and the total potential and kinetic
energies of the system were calculated as described in Bett
MNRAS 000, 1–18 (2019)
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Figure 2. Stability of the ICs. The dashed line shows the initial profile, while black circles show the profile at the time t = 300 tunit.
et al. (2010):
K =
1
2
N∑
i=1
mvi
2 ,
P =
(
N2 −N
N2sel −Nsel
)(−Gm2

)Nsel−1∑
i=1
Nsel∑
j=i+1
−W (rij/) .
(6)
Here Nsel is the number of randomly selected particles, used
to approximate the entire distribution; after experimenta-
tion we found that 5000 particles from each halo were suf-
ficient to calculate P accurately. W is the smoothing ker-
nel used for force calculations in Gadget-2 (Springel et al.
2001),
W (x) =

16
3
x2 − 48
5
x4 + 32
5
x5 − 14
5
, 0 ≤ x ≤ 1
2
1
15x
+ 32
3
x2 − 16x2 + 48
5
x4
− 32
15
x5 − 16
5
, 1
2
≤ x ≤ 1
− 1
x
, x ≥ 1 .
(7)
Finally, the orbital angular momentum was calculated
as follows:
J =
∑
i
mri × vi , (8)
which was found to be equivalent to J = Mrsep × v0 to
within 0.5 per cent. The energy and angular momenta used
in our simulations are shown in Fig. 3.
In cosmological simulations, orbital energy is often ex-
pressed in units of the energy of a circular orbit at the virial
radius, and angular momentum is expressed in terms of the
5 0 5 10
Eorb/Eunit
0
20
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|J|
/J u
ni
t
EinLow
EinHigh
NFWT10
NFWT15
NFWXSlow
NFWXFast
.
Figure 3. The range of orbital energies Eorb and angular mo-
menta J used in the simulations. Colours and symbols are as in
Fig. 1. Open points indicate tangential initial velocities, and filled
points denote radial initial velocities. The size of the symbols in-
dicates the initial radial separation, rsep.
circularity, , defined as the angular momentum divided by
the angular momentum of a circular orbit with the same en-
ergy,  = J/JC(E) (Lacey & Cole 1993). Neither of these
quantities is well defined in this context, however, since the
MNRAS 000, 1–18 (2019)
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virial radius does not have a clear definition for isolated,
non-cosmological simulations, and the definition of circular-
ity requires that the orbit be bound.
Overall, our simulations cover a wider range of energy
and angular momentum than would be expected in a cosmo-
logical scenario. Typically, subhaloes merging into galaxy- or
cluster-sized haloes have a broad distribution of orbital cir-
cularity with a mean of  ≈ 0.5 (although primordial haloes
may merge on more radial orbits; Ogiya et al. (2016)) while
the energies of cosmological orbits are typically close to that
of a circular orbit at the virial radius (e.g. Khochfar & Burk-
ert 2006; Wetzel 2011; Jiang et al. 2015). In contrast, the
orbits in our simulations are chosen to sample the full range
of physical possibilities, in order to determine how orbital
parameters affect the outcome of a merger generally. Thus
we include completely radial and completely tangential or-
bits, and also a broad range of possible energies, from almost
unbound to extremely tightly bound.
3.2 Merger time-scale
Fig. 4 shows the radial separation between the merging
haloes as a function of time. At the highest relative veloc-
ity, haloes on tangential orbits had not merged by the time
t = 100 tunit, and thus were excluded from this study, such
that only 174 simulations are analyzed. For the majority of
the simulations, the haloes merged very quickly (i.e. in less
than one orbit). This is broadly consistent with predicted
orbital decay times due to dynamical friction (Colpi et al.
1999):
τDF = 1.2
Jcircrcirc
(GMsat/e) log(Mhalo/Msat)
0.4 , (9)
where Jcirc is the angular momentum of a circular orbit with
the same energy,  is the circularity (i.e. the angular momen-
tum divided by the angular momentum of a circular orbit of
the same energy), and rcirc is the radius of a circular orbit
with the same energy. Msat and Mhalo are the masses of the
satellite halo and the main system, respectively. Although
this equation cannot be applied directly to the majority of
our simulations (since many of our orbits are unbound, and
because this estimate is not applicable to completely radial
orbits), it predicts decay times of less than an orbital period
as the mass ratio approaches unity.
We also determined how long it took for the remnant to
reach virial equilibrium, after the merger. At every time step
the potential and kinetic energy, P and K, were calculated
in the frame of the first halo, using equation (6). Fig. 5
shows an example of the time evolution of these energies,
the virial ratio, and the separation between the halo centres,
in a simulation with EinLow ICs, with orbital parameters
rsep = 10 rpeak and a radial velocity of v0 = 0.8 vesc. For this
simulation, the haloes merge by t = 20 tunit, which is less
than one period of the initial orbit. The potential and kinetic
energy remain constant after the halo has merged, with a
virial ratio of −P/2K ≈ 1 to good approximation. Although
we only demonstrate that virial equilibrium is reached when
rsep ≈ 0 for one case, this result holds for all the simulations
in this work.
0 20 40 60 80 100
t/tunit
0
5
10
15
20
25
r s
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Figure 4. Radial separation between the halo centres, as a func-
tion of time. The six cases that did not merge by t = 100 tunit
(dotted lines) were excluded from subsequent analysis. Colours
indicate the initial profile model, as in Fig. 1. Dashed lines in-
dicate tangential initial velocities, and solid lines denote radial
initial velocities.
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Figure 5. Evolution towards equilibrium with time. The top
panel shows the radial separation between the halo centres (solid
black line), as well as the potential and kinetic energy of the entire
system. The bottom panel shows the virial ratio −P/2K (dotted
red line), which should be 1 for a virialized system (solid black
line).
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3.3 Shape measurement
A halo is, in general, triaxial, with principal axes a > b > c.
Prolate haloes will have one long and two short axes, while
oblate haloes will have two long and one short axes. Fol-
lowing Moore et al. (2004), we calculated principal axis
ratios s = b/a and q = c/a using the iterative method
described in Dubinski & Carlberg (1991). Beginning with
a = b = c = 1, the eigenvalues w1 = a
2, w2 = b
2, and
w3 = c
2 were found from the dimensionless inertia tensor
Iij =
∑
xixj/d
2, where d = x2i + (xj/s)
2 + (xk/q)
2 is the
ellipsoidal coordinate. The coordinates of each particle were
then rotated using the eigenvectors of the new principal axis,
and the principal axis ratios were recalculated. This process
was repeated until convergence, which was defined as when
s and q both had a relative change of less than 10−5.
In Fig. 6 we compare the shape measurement to the
isodensity contours of the remnant halo for a radial merger
between two haloes with EinLow profiles. The haloes were
initially separated by rsep = 10 rpeak, and the second halo
was given an initial velocity of v0 ≈ 0.9 vpeak (this corre-
sponds to 80 per cent of the escape speed of a point mass
located at rsep). The shape measurement agrees well with
the isodensity contours. We note that since our shapes are
measured using all the halo particles, we will not catch ra-
dial variations in halo shape, but at least in this case, radial
variations do not appear to be significant.
We investigated the effect of numerical resolution on
our shape measurements by considering haloes with various
numbers of particles, ranging from N = 5 × 103 to N =
5 × 105. The original softening length of  = 0.02 rpeak for
the N = 5× 105 profile was scaled as N−1/3. As above, we
considered the case of a merger between two EinLow profiles,
since this profile has the shortest relaxation time.
We compared shape parameters c/a and c/b, as well
as the values of rpeak and vpeak. Fig. 7 shows how these
properties change as a function of time at each resolution.
While there are significant fluctuations in the values over
time at low resolution, at the resolution of our main set of
simulations, the structural parameters are stable between
t = 100 and 300 tunit.
The net effect of resolution on the final measurements
(averaged over 10 snapshots between t = 200 tunit and
300 tunit) is shown in Fig. 8. For each point, five different
realizations were simulated, using different random seeds to
generate the ICs. Low resolutions tend to predict more cir-
cular haloes, but at the resolution of 5 × 105 particles per
halo, the shape parameters are determined to within 1 per
cent or better. The maximum of the circular velocity, vpeak
has similar accuracy, while rpeak is more sensitive to relax-
ation, and has an uncertainty of 6 per cent. We note that
there is a transient period before the haloes merge in which
c/a is very small; this is because the algorithm we use for
calculating shapes takes into account the particles of both
(un-merged) haloes.
We conclude that a resolution of 5 × 105 particles per
halo is sufficient to study the properties of the merger rem-
nant. At lower resolution, numerical relaxation can artifi-
cially increase the location of rpeak. We found that this ef-
fect could be somewhat alleviated by decreasing the time-
stepping parameter (ErrTolIntAccuracy in Gadget-2),
at the cost of much slower run times. For the simulations
shown in this paper, the value ErrTolIntAccuracy= 0.02
was used.
3.4 Halo rotation
Finally, we check to see whether the halo remnants are in
solid-body rotation. In the previous section, we showed that
the axis ratios stayed approximately constant with time, af-
ter an initial transient period. This result holds for all the
simulations performed in this work. Since the merger rem-
nants from tangential encounters should rotate due to con-
servation of the initial angular momentum, we are also in-
terested in whether they rotate differentially, or as a solid
body. We considered cases in which the remnant is prolate
(b/a < 0.8), such that the major axis has a well-defined di-
rection, and measured rotation by tracking changes in the
orientation of the major axis.
In Fig. 9 we show two sample cases, chosen such that
the mergers have similar energies and angular momenta. The
first is a merger between two EinHigh profiles with orbital
parameters rsep = 5 rpeak and v0 = 0.2 vesc. The second
case consists of two EinLow profiles with orbital parameters
rsep = 2 rpeak and v0 = 0.8 vesc. The top two panels show
the axis ratios, while the bottom panel shows the normal-
ized x-component of the major principal axis, ax/|a|, as a
measure of orientation. As in Figure 7, c/a is very small in
the transient period before the haloes merge since our algo-
rithm calculates shape based on all the particles from both
haloes.
In the first case, the halo appears to be rotating as a
solid body, and there may be some slight change in the shape
ratio c/b, though the change is within the uncertainty of the
shape measurements. In the second case, there is no clear
rotation. The main difference between these two cases is
that the EinLow profile is very extended, with a lot of mass
at large radii; it is possible that in this case the envelope is
decoupled from the core, explaining the irregular variation in
the orientation of the major principal axis. We conclude that
the rotation of the remnants can be complicated, including
both differential and solid-body rotation. In either of the two
cases, however, the long-term shape of the remnants is well
defined. We will proceed to study how this shape depends
on halo profiles and orbital parameters.
4 RESULTS
Fig. 10 shows sample results from four different merger sim-
ulations. The top panels show the resulting remnants (using
a random subset of 103 particles), the middle panels show
the density profiles, and the bottom panels show the cumu-
lative mass profiles. In general, we find that the remnants
are non-spherical in shape, with the radial and tangential or-
bits producing prolate and oblate systems, respectively. We
can compare the final density and mass profiles (solid black
lines) to those of the initial haloes (dotted green lines), scal-
ing the mass by a factor of 2 and the radius by a factor of
21/3, as expected if the remnant has the same mean density
as the ICs. We see some differences between the remnant and
scaled ICs; specifically, the density profile changes slightly
in curvature, and there appears to be some mass rearrange-
ment. In general the remnant profile appears to be more
MNRAS 000, 1–18 (2019)
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Figure 6. Projected isodensity contours (white lines) of the halo remnant. The measured shape ratio is shown as by the red dashed line.
extended than the ICs, but there is also a slight increase in
central density. The density profiles of the remnants will be
considered in detail in the next paper in this series.
4.1 Scaled energy and angular momentum
Changes in halo structure should presumably depend not on
the total orbital energy, but on the fraction of this energy
that is available as internal energy, given momentum con-
servation requires some bulk motion of the remnant. Before
the merger, the total energy of the system is equal to the in-
ternal energy of the two initial haloes, plus the initial orbital
energy:
Etot = 2E0 + Eorb . (10)
After the merger, the remnant will have internal energy E′0,
plus some net kinetic energy, K′orb; E
′
tot = E
′
0 + K
′
orb. The
net orbital kinetic energy, K′orb, can be calculated from con-
servation of momentum, K′orb = KorbM/M
′, where Korb is
the initial (orbital) kinetic energy, M is the mass of the ini-
tial halo, and M ′ is the mass of the remnant. For an equal
mass merger, Korb = 1/2Mv
2
0 , and M/M
′ = 1/2. Thus,
since Etot = E
′
tot, the internal energy of the remnant halo
will be:
E′0 = Eorb + 2E0 − 1
4
Mv20 . (11)
We found that calculating E′0 in this way agrees to within 2
per cent with a direct calculation of the internal energy of
the remnant using equation (6).
In a cosmological context, encounters between haloes
may be close to parabolic, with Eorb ∼ 0 in the centre-of-
mass frame. In this case, the total energy of the remnant is
then just twice the energy of the initial haloes. If the form of
the density profile is conserved, from the scaling of potential
energy we expect that the size of the remnant will increase
linearly with mass, i.e. by a factor of 2 (Farouki et al. 1983).
As a result, the density of the remnant will be lower than
that of the initial haloes. This evolution at constant specific
energy has been considered the baseline in previous studies
of mergers (e.g. Navarro 1989). On the other hand, we are
interested in following the evolution of shape and concentra-
tion in mergers partly to determine how the mean density of
structures evolves with time, for instance in order to calcu-
late the boost factor for dark matter annihilation (e.g. Okoli
et al. 2018), which scales as
∫
ρ dm. Thus, we will consider
the baseline case one in which the overall density distribution
is conserved. We define ‘self-similar evolution’ to be evolu-
tion where the relative mass fraction at any given density
in a structure remains constant, and thus the mean density
and boost factor do not change.
In the case of self-similar evolution, r ∼M1/3 and thus
E0 ∝ M5/3. Thus in the self-similar case for equal-mass
mergers, the internal energy of the halo should increase by
25/3. More generally, we can define a new parameter, the
change in internal energy relative to the change expected in
self-similar evolution:
κ ≡ E
′
0
E0
(
M
M ′
)5/3
, (12)
This parameter provides a convenient dimensionless measure
of the change in internal energy of the halo; a value of κ = 1
corresponds to a self-similar change in energy. If κ < 1, then
the remnant is less bound than the progenitor, while if κ > 1
the remnant is more bound.
We can also express angular momentum using a dimen-
sionless spin parameter. The spin parameter was originally
defined by Peebles (1971) as
λ =
√|E0||J|
GM5/2
, (13)
while an alternative definition commonly used in the litera-
ture was proposed by Bullock et al. (2001):
λB =
|J|√
2Mvirrvirvvir
. (14)
The second definition, λB, is equivalent to λ under the
assumption of virialization and an isothermal profile, and
is often preferred in the literature since calculating mass
is much easier than calculating the full energy. However,
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Figure 7. The axis ratios c/a and c/b and the structural pa-
rameters r′peak and v
′
peak relative to their original values rpeak
and vpeak, as a function of time, for different resolutions. The
vertical dotted lines show the time by which the two haloes had
completely merged.
these assumptions lead to scatter in the expected spin (Ahn
et al. 2014). Additionally, λB is not well-defined in non-
cosmological simulations, and therefore we will use λ as de-
fined in equation (13).
The expected spin parameter of the remnant can be
predicted from the ICs, using equations (8) and (11). Com-
paring this to a direct calculation of the spin parameter of
the remnant, we find the two agree to within 1 per cent.
The orbital parameters κ and λ for all our simulations are
shown in Fig. 11. We note that there are restrictions in this
parameter space in low-κ/high-λ as well as in high-κ/high-λ
regions. The former is because orbits become unbound as κ
increases, while the latter is due to the amount of free energy
available.
Since  and λ are both measures of the angular mo-
mentum of the initial orbit, they will clearly be correlated.
Fig. 12 compares the value of the two parameters, to clarify
this relationship. Circularities are calculated assuming the
orbital energy of the second halo is that of a point mass
orbiting in the potential of the first halo. Note that circular-
ity cannot be calculated for the higher energy orbits (since
there is no bound circular orbit with the same energy), and
therefore this plot contains only a subset of the simulations.
Although  and λ are (positively) correlated, there is also an
energy dependence in both definitions; for the same angu-
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Figure 8. The axis ratios c/a and c/b and the structural param-
eters r′peak and v
′
peak relative to their original values rpeak and
vpeak, as a function of resolution. Each point is averaged over five
realizations, while error bars show the r.m.s..
lar momentum, spin increases with kinetic energy (and thus
decreases with increasing κ).
4.2 Halo alignment
Fig. 13 shows the final alignment of the halo remnants.
Haloes were initially separated along the x-axis, and given
an initial velocity in the x-axis (radial orbits) or in the y-
axis (tangential orbits). Fig. 13 demonstrates that haloes on
radial orbits have their major axis, a, aligned along the axis
of the merger, x. The two other axes, b and c, lie in the y-z
plane. On the other hand, for tangential orbits, axes a and b
lie in the x-y plane, while the minor axis c points in the z di-
rection. Clearly, the shape of the remnant is aligned with the
direction of the merger as expected from previous work (e.g.
Maccio` et al. 2007; Vera-Ciro et al. 2011). Since it has been
suggested that radial orbits produce prolate haloes, while
tangential orbitals produce oblate haloes (e.g. Moore et al.
2004), there seems to be a link between halo orientation and
shape. The effects of orbital parameters on halo shape will
be explored further in Section 4.4.
4.3 Net change in halo size
After the merger, we expect the remnant to be larger than
either of the initial haloes, and possibly also elongated in the
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Figure 9. The time evolution in the shape ratios c/a and c/b
(top and middle panels), as well as the x-component of the nor-
malized major axis (bottom panel). The two examples are merg-
ers between two EinHigh profiles (orange dashed lines) and two
EinLow profiles (blue solid lines), chosen because they have com-
parable energies and angular momenta. The vertical dotted lines
show the time by which the two haloes had completely merged.
merger direction, at least in the case of more radial merg-
ers. As a profile-independent measure of size, we define the
‘radial extent’ of a system (either the merger remnant, or
an initial halo) to be the mean distance of all particles in
the halo from the centre of the system, where the latter
was determined as discussed in Section 3. Extents along the
principal axes are defined similarly, as the mean distance
projected on each axis. In Fig. 14 we show the radial ex-
tent of the merger relative to the radial extent of the ICs,
as a function of κ. The size of the remnant, relative to the
ICs, depends mainly on κ, though there is also a small de-
pendence on the initial halo model. The EinLow simulations
(squares) do not increase in size as much as the other ini-
tial halo models for high-energy (low κ) orbits. This may be
because the EinLow ICs are very extended compared to the
other models. The results go through the self-similar expec-
tation for an equal mass merger, r¯/r¯0 = 2
1/3 when κ = 1.
If κ > 1 (more bound remnants), the remnant is smaller
than expected in the self-similar case, and may even have a
radial extent smaller than that of the initial haloes. If κ > 1
(less bound remnants), the remnant is larger than expected
from self-similar scaling. There is little or no dependence on
whether the orbit is radial or tangential, nor on the param-
eter rsep.
For κ < 1, we find that r¯/r¯0 ≈ 21/3κ−5; this might
be expected since the energy of a virialized self-similar halo
scales as M2/r ∼ r5, and therefore the change in halo radius
scales as κ−5. However, as the size of the halo decreases, the
dependence on κ weakens; this may be because for these
very low-energy orbits, the halo remnant is not self-similar
to the ICs. The EinLow simulations also have a weaker de-
pendence on κ, and this may once again indicate departures
from self-similarity. We will explore the self-similarity be-
tween initial halo models and final remnants in a companion
paper, (Drakos et al. 2018).
Similar trends can be found when comparing the mean
extent of the remnant projected along each of the princi-
pal axes (Fig. 15). Relative to the initial halo models, the
size of the remnant is largest along the major principal axis
a by definition. The extent of the halo along this axis in-
creases slightly more than expected from self-similar scaling
when κ = 1. We might expect the intermediate axis of the
remnant, b, to be larger for tangential orbits than for radial
orbits, because the orbit lies in the a-b plane; it seems, how-
ever, that b changes by roughly the same amount in radial
and tangential cases, but that the minor axis c (perpen-
dicular to the orbital plane) is smaller in tangential cases
compared to radial cases.
We can derive a simple theoretical prediction for the
expected size of the remnants along the major axis. In the
spherical collapse model, when a cosmological overdensity
collapses and virializes, the final radius of each shell is equal
to half its radius at turnaround, as a consequence of energy
conservation and the (scalar) virial theorem. By analogy, if
the merger remnants in our simulations were to conserve the
virial tensor component-wise, we might expect their extent
along the major axis to be half the turnaround radius of the
initial two-halo system, rTA. Since the virial radius should
also increase by a factor of 21/3 due to the extra mass in
the system, however, we expect the virial radius along the
longest axis to be rvir ≈ (rTA/2)21/3 = rTA/22/3.
To determine the turnaround radius, we calculated
Porb(r) for each set of ICs by placing the two initial haloes
a distance of r apart and calculating Porb = P − 2P0, where
the total potential P and internal potential energy of each
halo, P0, were calculated from equations (6) and (3), re-
spectively. The turnaround radius is then the radius such
that Eorb = Porb(rTA); i.e. the radius at which there is no
kinetic orbital energy. This was determined by first smooth-
ing Porb(r), using a Gaussian filter, and then interpolat-
ing this smoothed potential to find rTA. Fig. 16 shows the
turnaround radius as a function of κ. For high-energy orbits
with small κ the turnaround radius is very large, but then
it goes to zero for large κ.
To test the prediction that r′vir ≈ rTA/22/3 along the
largest axis, we assume that the virial radius scales as the
average particle distance in the ICs, r¯0, and propose:
a¯
a¯0
= 2−2/3
rTA
r¯0
. (15)
We compare the change in all three principal axes in Fig. 17.
We find the extent along the largest axis, a¯, does indeed scale
as predicted, albeit with considerable scatter for large values
of rTA. Since rTA decreases exponentially with κ, the larger
rTA values are more sensitive to the interpolation used to
estimate them, so this effect may be purely numerical. For
the low energy orbits (high κ, low rTA), the extents along
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Figure 10. Sample results from four merger simulations. The top row of panels shows the state of the remnant at t = 300 tunit (in this
plot we show only 103 randomly selected particles). The particles are coloured either red or blue, depending on their initial halo. The
middle row of panels shows the density profiles, and the bottom row shows the mass profiles. The scaled ICs and remnants are shown
with dotted green lines and solid black lines, respectively. All haloes were initially separated by rsep = 10, and given either a radial or
tangential velocity of v0 = 0.8vesc, where vesc is the escape speed of a point mass in the potential of the initial halo.
the other axes b and c behave similarly to a, but for higher
energy orbits, the change is smaller than our prediction.
4.4 Net change in halo shape
The axis ratios of the merger remnants were calculated as
in Section 3.3 and are shown in Fig. 18. We emphasize that
these measurements of principal axes sizes, a, b, and c are
not the same as the extent, a¯, b¯, and c¯, discussed in the
previous section, which were calculated as the mean particle
distance projected along the principal axes. The top and
bottom panels of Fig. 18 are coloured by the relative energy
parameter κ and spin parameter λ, respectively. Generally
speaking, more bound remnants are also more spherical. The
shape ratio c/a depends mainly on energy, and is smaller
when κ is smaller (less bound haloes). The parameter c/b
depends mainly on λ, and b/a depends on both κ and λ.
There is little or no dependence on the IC models or on
the parameter rsep on the final shape of the remnant. Spin
dictates whether the final remnant is prolate or oblate in
shape; mergers on (low-spin) radial orbits produce prolate
haloes with c/b ≈ 1, while mergers on tangential (high-spin)
orbits produce oblate haloes with c/b ≈ c/a. For the largest
spin values considered here, c/b ≈ c/a ≈ 0.6. Overall, these
results are consistent with the two cases considered in Moore
et al. (2004).
Fig. 19 shows the final shape parameters, c/a (top) and
c/b (bottom) of the halo remnants as a function of κ and λ,
respectively. We also show fits to the main trends:
c/a = 0.24κ+ 0.47 (16a)
c/b = −0.90λ+ 0.96 . (16b)
Alternatively, we could fit the inverse ratios a/c and
b/c, since the axis c generally grows less than a or b after
the merger. Fig. 20 shows these ratios, along with the fits:
a/c = −0.50κ+ 1.91 (17a)
b/c = 1.32λ+ 1.03 . (17b)
In the bottom panel of Fig. 19, it is a bit surprising
that c/b 6= 1 in some cases, even when λ = 0. As discussed
previously, by symmetry, one would expect c = b for mergers
on purely radial orbits. It seems likely that c 6= b in practice
for numerical reasons arising from the fact that the ICs are
not perfectly symmetric. We expect this to be particularly
true at high energies, where the simulation is sensitive to
the direction of the initial velocity. Any noise or uncertainty
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Figure 11. Dimensionless energy and spin parameters κ and λ,
for the full set of simulations. Symbols are as in Fig. 3.
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Figure 12. Spin parameter of the merger remnant, λ, versus the
circularity of the initial orbit, . Symbols are as in Fig. 3.
in the shape measurement will result in an underestimate of
c/b, since by definition c < b, and thus c/b < 1.
One implication of equation (16a) is that for a self-
similar change in energy, c/a ≈ 0.7. To understand this, we
can consider a self-similar radial merger between two spher-
ical, equal-mass haloes. In the self-similar case, the radius
of the remnant should scale as r′/r = 21/3. Further, we will
assume that the original size of the halo is x0 along any of
the principal axes, and that only the a axis increases in size,
such that a′ = βx0, b′ = x0, and c′ = x0. Then,
r′
r
= 21/3 =
√
a′2 + b′2 + c′2
a2 + b2 + c2
⇔ 22/3 = β
2 + 2
3
.
(18)
Solving, we find β ∼ 1.66, and thus c/a = 1/β ≈ 0.6.
This predicts an axis ratio c/a slightly smaller than the
one found; on the other hand, in the preceding derivation
we assumed that all of the change in size occurred along
the major axis, whereas the previous section showed that all
axes grow to some degree, not just those in the plane of the
merger.
Overall, for the range of orbital parameters we have
tested, the axis ratios c/a and c/b scale roughly linearly with
κ and λ. This simple result suggests that shape changes are
relatively easy to understand, and that the details of the ini-
tial density profiles are not important, provided the internal
energies of the initial haloes are appropriately accounted for.
5 CONCLUSIONS
We have performed a large number of idealized simulations
of mergers between isolated haloes with realistic density pro-
files, to determine what dictates the structure of the remnant
in major halo mergers. In this first paper, we describe our IC
generation and convergence tests, and then consider the size
and shape of the final remnant, which we find is reasonably
well described by a triaxial ellipsoid with axes a > b > c.
The shape of the remnant is mainly determined by the or-
bital parameters of the merger, with the energy and angular
momentum of the orbit controlling the axis ratios c/a and
c/b, respectively. The size of the remnant depends mainly
on the energy of the orbit, although there is some depen-
dence on the initial halo profile as well. The overall spin of
the remnant is also determined by the orbit, through con-
servation of angular momentum, though the remnant does
not generally rotate as a solid body. The radial separation,
rsep, and the initial velocity, v0, do not have a direct effect
on the size or shape of the final halo remnants.
We can interpret our results most simply in terms of
the scaled energy parameter κ and the dimensionless spin
parameter λ. The former is the net internal energy available
to the remnant, relative to its initial energy, and normalized
by the overall scaling factor expected if the mean density is
conserved while the mass doubles (cf. equation 12). The lat-
ter follows the usual cosmological definition (equation 13).
In terms of these variables, we find that the minor-to-major
axis ratio c/a scales roughly linearly with relative energy κ.
Mergers with less (negative) total energy (i.e. low values of κ,
equivalent to merging from large initial separations) produce
more elongated remnants, while mergers from smaller initial
separations produce rounder remnants. For the ‘scale invari-
ant’ value κ = 1, mergers produce remnants with c/a ∼ 0.7,
as expected from a simple analysis of the energy available
along each axis.
The minor-to-intermediate axis ratio c/b depends
mainly on the angular momentum of the original encounter,
scaling roughly linearly with the spin parameter λ. High
spin mergers produce oblate, disky remnants that are al-
most axially symmetric. As the spin parameter decreases,
the remnants become progressively more prolate, eventually
becoming non-rotating, elongated objects in the limit of ra-
dial encounters.
These results are consistent with the previous study of
Moore et al. (2004), which found that a radial merger pro-
duced a prolate remnant, while a more circular encounter
produced a disky remnant, although we extend these results
to a much wider range of ICs. Similarily, McMillan et al.
(2007) found that more radial orbits resulted in more pro-
late remnants. We find that the shape of the final remnant
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Figure 13. Normalized x, y, and z-components of the normalized principal axes a, b, and c of the remnants of halo mergers with either
(top) radial or (bottom) tangential initial velocity, at the final time. Colours and symbols are as in Fig. 3.
does not depend on the detailed density profile of the initial
halo models; this is somewhat contrary to what was found
by Fulton & Barnes (2001) and McMillan et al. (2007), who
both suggest that shallow cusps produce prolate remnants,
and steep cusps produce oblate remnants. This discrepancy
is likely because even at fixed orbital energy, the scaled en-
ergy parameter κ will be different for different ICs if they
have different internal energies. We suspect that comparing
their results at the same value of κ would show no depen-
dence of shape on the initial profile.
Interestingly, we have found that binary equal-mass
mergers between spherical haloes rarely result in remnants
with shape ratios less than 0.6, while cosmological haloes
typically have shape ratio c/a < 0.7 (e.g. Jing & Suto 2002;
Allgood et al. 2006; Despali et al. 2014; Bonamigo et al.
2015). This could be because of the intrinsic initial shape
of the density perturbations, or because multiple successive
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Figure 14. The mean radial extent of the remnant, r¯, relative
to the mean radial extent the initial halo models, r¯0, versus the
energy parameter κ. The self-similar expectations are shown with
dotted black lines. The solid gray line is when r¯/r¯0 = 21/3κ−5.
Symbols and colours are as in Fig. 3.
mergers often occur along the same filament. We wish to ex-
plore this further by considering mergers between two non-
spherical haloes along their major axes. Since generating
isolated ICs for non-spherical haloes is not straightforward,
we can use the remnants from the binary mergers presented
in this work as the new ICs, as proposed by Moore et al.
(2004).
It should be emphasized that this work only considers
equal-mass mergers, which are relatively rare. The rate of
mergers per halo decreases with mass ratio, and 1:1 mergers
are expected to occur at a rate of approximately 0.1 merg-
ers per unit redshift (Fakhouri et al. 2010); non-equal-mass
mergers are thus much more common. It is therefore interest-
ing to discuss briefly how our results are expected to extend
to non-equal-mass mergers (this will also be the focus of a
future study). The parameters λ and κ defined in this work
can also be calculated for non-equal-mass mergers. Overall,
we expect that the qualitative results found here will extend
to non-equal-mass major mergers. Size should scale inversely
with κ, c/a should scale with κ, and c/b should scale with
λ. Additionally, the relations derived for the change in the
size a in equation 15, and the prediction for c/a (κ = 1)
in equation 18 can be extended to non-equal-mass mergers.
This implies, however, that the exact relationship between
c/a and κ is dependent on the mass ratio of the merger.
In the limit of a very large mass ratio, the larger halo will
remain unaffected by the merger, and thus c/a ≈ 1 when
κ = 1.
Overall, there are several caveats to our conclusions.
The first is that our ICs represent a great simplification
of the typical cosmological situation. In a cosmological set-
ting, haloes are almost never completely isolated, and major
mergers between single pairs of haloes are rare. After ini-
tial experiments analyzing realistic mergers directly in their
cosmological context, we reduced our study to the simplest
possible configuration, finding that even simple mergers are
complex enough to warrant separate treatment. In future
work, we will consider how these results extend to more
complicated merger situations such as multiple mergers, or
smooth but anisotropic accretion, with the goal of under-
standing fully the dependence of halo shape on mass and
environment that has been measured in cosmological simula-
tions (e.g. Jing & Suto 2002; Allgood et al. 2006; Maulbetsch
et al. 2007; Despali et al. 2014; Lee et al. 2017; Vega-Ferrero
et al. 2017).
Further, to apply our results to observations, we must
also account for baryonic effects. These have been stud-
ied before in isolated mergers (Aceves & Vela´zquez 2006;
Kazantzidis et al. 2006). These authors found that the shape
of the final merger remnant within the virial radius was sim-
ilar, whether the merger was simulated using dark matter
only, or in full hydrodynamic simulations including baryons.
More generally, some hydrodynamic simulations find that
baryons make haloes rounder at small radii (e.g. Butsky
et al. 2016), while others find that they have less effect, at
least on cluster scales (e.g. Sereno et al. 2018), so further
work on this subject is needed.
Since observations are beginning to place constraints on
the shapes of individual galaxy clusters, this is an obvious
area in which to pursue the development of next-generation
cosmological tests based on structural properties. It would
also be interesting to split cluster samples by projected or
3D shape, and compare their mean galaxy content and sub-
structure, to establish a connection between final states and
past merger history, for large numbers of systems. Shape and
internal structure may also be relevant in understanding the
X-ray scaling relations, using the offset from the mean rela-
tions versus shape as a probe of how cluster thermodynamics
evolve after a major merger (e.g. Poole et al. 2007). Finally,
in the longer term, the structural properties of individual
haloes may be used to probe the statistics of the surround-
ing density field, including both the spatial anisotropy of the
region around the local density peak, and the angular mo-
mentum distribution of this region. These properties of the
density field should in turn be sensitive to non-Gaussianity
and other more subtle aspects of structure formation.
The results presented in this paper should form the
basis for a full model of how a halo’s shape changes as it
grows through mergers and accretion. Such a model may
in turn allow semi-analytic predictions of the full distribu-
tion of halo shapes as a function of cosmological parameters.
In the shorter term, we will use the ICs and analysis tools
established here to study the evolution of the density pro-
file and the concentration parameter in major halo mergers.
This will be the subject of the second paper in the series
(Drakos et al. 2018).
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Figure 15. The change in the mean extent along the three principal axes, a, b, and c, versus κ. The solid gray line is when the change
in the mean extent is equal to 21/3κ−5. The self-similar expectations are shown with the dotted black lines. Symbols and colours are as
in Fig. 3. The left- and right-hand panels are simulations with radial and tangential initial velocities, respectively.
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Figure 16. Turnaround radius as a function of κ. Symbols and
colours are as in Fig. 3.
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Figure 17. The size of the remnant versus the turnaround radius
of the initial orbit. The size of the remnant is measured by the
mean extent along the three principal axes, a, b and c, and the
turnaround radius is normalized by the average radial extent of
the initial halo. Dotted lines are the prediction from equation (15).
Symbols and colours are as in Fig. 3.
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Figure 18. Remnant axis ratios c/a vs b/a (left) and c/a vs c/b (right), where a > b > c. Regions of parameter space corresponding to
spherical, prolate and oblate haloes are labeled. The top panels are coloured by the relative energy parameter κ, and the bottom panels
by the spin parameter, λ. Symbols are as in Fig. 3.
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Figure 19. Remnant axis ratios c/a (top) and c/b (bottom) as a
function of the relative energy parameter κ, and the spin param-
eter, λ, respectively. Symbols are as in Fig. 3. Fits to the average
trends are given in the text; the RMS scatter with respect to each
is approximately 0.03.
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Figure 20. Remnant axis ratios a/c (top) and b/c (bottom) as a
function of the relative energy parameter κ, and the spin param-
eter, λ, respectively. Symbols are as in Fig. 3. Fits to the average
trends are given in the text; the RMS scatter with respect to each
is approximately 0.07 (top) and 0.04 (bottom).
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